This paper presents a numerical implementation and evaluation of a new nonlinear beam finite element model appropriate for highly flexible wind turbine blades made of composite materials. The underlying model uses the geometrically exact beam theory (GEBT) and spatial discretization is accomplished with Legendre spectral finite elements (LSFEs). The displacement-based GEBT is presented, which includes the coupling effects that exist in composite structures with geometric nonlinearity. LSFEs are high-order finite elements with nodes located at the Gauss-Legendre-Lobatto points. LSFEs can be an order of magnitude more efficient that low-order finite elements for a given accuracy level. The LSFE code is implemented in the software module called BeamDyn in the new FAST modularization framework for dynamic simulation of highly flexible composite-material wind turbine blades. The framework allows for simulations of wind turbines in operating conditions. In this paper, we verify BeamDyn for static and dynamic nonlinear deformation of composite beams and compare BeamDyn LSFE performance against common low-order finite elements found in a commercial code. Comparisons show that the BeamDyn LSFEs can provide dramatically more accurate results for a given model size.
the implementation of GEBT in a mixed formulation; various rotation parameters were investigated and the code was validated against analytical and numerical solutions. Readers are referred to Hodges 10 , where comprehensive derivations and discussions on nonlinear composite-beam theories can be found.
Legendre spectral finite elements 11, 12 (LSFEs) are p-type elements whose shape functions are Lagrangian interpolants with node locations at the Gauss-Lobatto-Legendre (GLL) points. LSFEs combine the accuracy of global spectral methods with the geometric-modeling flexibility of h-type FEs. LSFEs have seen successful use in the simulation of fluid dynamics [11] [12] [13] , two-dimensional elastic wave propagation in solid media in geophysics 14 , elastodynamics 15 , and acoustic wave propagation 16 . LSFEs have been applied to the linear-response analysis of beams [17] [18] [19] [20] [21] and plate elements [22] [23] [24] . Xiao and Zhong 25 reported a displacement-based implementation by LSFEs for two-dimensional static nonlinear beam deformation. Their LSFEs were compared against a mixed-formulation low-order-FE GEBT code by Wang and Sprague 21 ; it was shown that the LSFEs provide exponential convergence rates, while the low-order FEs were limited to an algebraic convergence rate.
In this paper, we present a three-dimensional displacement-based implementation of the geometrically exact beam theory using LSFEs. This work builds on previous efforts that showed the implementation of 3D rotation parameters 9 and a demonstration example of two-dimensional nonlinear spectral beam elements 21 for static deformation. The code implemented in this work is in accordance with the new FAST modularization framework 26 , which allows coupled aero-hydro-servo-elastic simulation of both land-based and offshore wind turbine under realistic operating conditions. The goal is to complete the coupled code by June 2014.
The paper is organized as follows. The theoretical foundation of the geometrically exact beam theory is introduced first. Then the spatial discretization by LSFEs is discussed. Finally, verification examples are provided to show the accuracy and efficiency of the present model for composite beams.
II. Geometrically Exact Beam Theory
For completeness, this section reviews the geometrically exact beam theory and linearization process of the governing equations. The content of this section can be found in other papers and textbooks (see, e.g., Bauchau 27 ) Figure 1 shows a beam in its initial undeformed and deformed states. A reference frame b i , for i = {1, 2, 3}, is introduced along the beam axis for the undeformed state; a frame B i is introduced along each point of the deformed beam axis. Curvilinear-coordinate x 1 defines the intrinsic parameterization of the reference line; similarly, s denotes the deformed reference line. It is noted that the unit vector B 1 is not necessarily tangent to the deformed reference line R unless one adopts the Euler-Bernoulli hypothesis. Figure 1 : Schematic of a beam segment in its undeformed state (i.e., reference configuration) and its deformed state (current configuration) with associated kinematic variables.
In this paper, we use matrix notation to denote vectorial or vectorial-like quantities. For example, we use an underline to denote a vector u, a bar to denote unit vectorn, and double underline to denote a tensor ∆. Note that sometimes the underlines only denote the dimension of the corresponding matrix. The governing equations of motion for geometrically exact beam theory can be written as
where h and g are the linear and angular momenta resolved in the reference coordinate system, respectively; F and M are the beam's sectional forces and moments, respectively; u is the displacement of the reference line; x 0 is the initial position vector of a point along the beam's reference line; f and m are the distributed force and moment applied to the beam structure. A prime indicates a derivative with respect to the beam axis x 1 and an overdot indicates a derivative with respect to time. The tilde operator, i.e., ( ·), denotes a second-order, skew-symmetric tensor corresponding to the given vector. In the literature, it is also termed as a "cross-product matrix". For example, for the vector n,
The constitutive equations relate the velocities to the momenta and the one-dimensional strain measures to the sectional resultants as
where M and C are the 6 × 6 sectional mass and stiffness matrices resolved in the inertial basis, respectively (note that they are not tensors); ǫ and κ are the one-dimensional (1D) strains and curvatures, respectively; ω is the angular velocity vector that is defined by the rotation tensor R as ω = axial(Ṙ R). The 1D strain measures are defined as
where k = axial(R ′ R T ) is the sectional curvature vector resolved in the inertial basis, k i is the corresponding initial curvature vector, andī 1 is the unit vector along x 1 direction in the inertial basis.
For a displacement-based finite element implementation, there are six degree-of-freedoms at each node: three displacement components and three rotation components. Here we use q to denote the elemental displacement array as q = u T p T where u is the displacement and p is the rotation-parameter vector. The acceleration array can thus be defined as a = ü TωT . For nonlinear finite-element analysis, the discretized and incremental forms of displacement, velocity, and acceleration are written as
where N is the shape function matrix and (·) denotes a column matrix of nodal values. It is noted that given the "untensorial" nature, we need to adopt a special algorithm to deal with the 3D rotations, which will be introduced in the next section. The governing equations for beams are highly nonlinear; a linearization process is needed if a Newton-Raphson nonlinear solver is to be used for static analysis and dynamic analysis, for which an implicit time integration scheme is adopted. According to Bauchau 27 , the linearized governing equations in Eq. (1) and (2) are in the form ofM
where theM ,Ĝ, andK are the elemental mass, gyroscopic, and stiffness matrices, respectively;F andF ext are the elemental forces and externally applied loads, respectively. They are defined for an element of length l along
where F ext is the applied load vector. The new matrix notations in Eqs. (10) to (14) are briefly introduced here. F C and F D are elastic forces obtained from Eq. (1) and (2) as
where 0 denotes a 3 × 3 null matrix. The G I , K I , O, P, Q, and F I in Eq. (11), Eq. (12), and Eq. (13) are defined as
where m is the mass density per unit length, η is the location of the sectional center of mass, ̺ is the moment of inertia tensor, and the following notations were introduced to simplify the above expressions
It is noted that the 3D rotations are represented as Wiener-Milenković parameters 9,28 defined in the following equation:
where φ is the rotation angle andn is the unit vector of the rotation axis. It can be observed that the valid range for this parameter is |φ| < 2π. The singularities existing at integer multiples of ±2π can be removed by a rescaling operation at π, as given in Bauchau et al. 28 :
where p, q, and r are the vectorial parameterization of three finite rotations such that
It is noted that the rescaling operation could cause a discontinuity of the interpolated rotation field; therefore a more robust interpolation algorithm will be introduced in the next section where the rescaling-independent relative-rotation field is interpolated.
III. Numerical Implementation with Legendre Spectral Finite Elements
The displacement fields in an element are approximated as
where h k (ξ), the component of shape function matrix N , is the p th -order polynomial Lagrangian-interpolant shape function of node k, k = {1, 2, ..., p + 1},û k is the k th nodal value, and ξ ∈ [−1, 1] is the element natural coordinate. However, as discussed in Bauchau et al. 28 , the 3D rotation field cannot simply be interpolated as the displacement field in the form of
where c is the rotation field in an element andĉ k is the nodal value at the k th node, for three reasons: 1) rotations do not form a linear space so that they must be "composed" rather than added; 2) a rescaling operation is needed to eliminate the singularity existing in the vectorial rotation parameters; 3) the rotation field lacks objectivity, which, as defined by Jelenić and Crisfield 4 , refers to the invariance of strain measures computed through interpolation to the addition of a rigid-body motion. Therefore, we adopt the more robust interpolation approach proposed by Jelenić and Crisfield 4 to deal with the finite rotations. Our approach is described as follows
Step 1: Compute the nodal relative rotations,r k , by removing the reference rotation,ĉ 1 , from the finite rotation at each node,r k = (ĉ 1− ) ⊕ĉ k . It is noted that the minus sign onĉ 1 denotes that the relative rotation is calculated by removing the reference rotation from each node. The composition in that equation is an equivalent of R(
Step 2: Interpolate the relative-rotation field:
where H is the tangent tensor that relates the curvature vector k and rotation vector p as
Step 3: Restore the rigid-body rotation removed in Step 1:
Note that the relative-rotation field can be computed with respect to any of the nodes of the element; we choose node 1 as the reference node for convenience. In the LSFE approach, shape functions (i.e., those composing N ) are p th -order Lagrangian interpolants, where nodes are located at the p + 1 GLL-quadrature points in the [−1, 1] element natural-coordinate domain. Figure 2 shows representative LSFE basis functions for fourth-and eighth-order elements. Note that nodes are clustered near element endpoints. In the present implementation, weak-form integrals are evaluated with p-point reduced Gauss quadrature. The
where · denotes the Euclidean norm, ∆U is the incremental displacement vector, R is the vector of externally applied nodal point loads, F is the vector of nodal point forces corresponding to the internal element stresses, and ǫ E is the preset energy tolerance. The superscript on the left side of a variable denotes the time-step number (in a dynamic analysis), while the one on the right side denotes the Newton-Raphson iteration number. As pointed out by Bathe and Cimento 29 , this criterion provides a measure of when both the displacements and the forces are near their equilibrium values. Time integration is performed using the generalized-α scheme in BeamDyn, which is an unconditionally stable (for linear systems), second-order accurate algorithm. The scheme allows for users to choose integration parameters that introduce high-frequency numerical dissipation. More details regarding the generalized-α method can be found in Refs. 27, 30 .
IV. Numerical Examples

A. Example 1: Static bending of a cantilever beam
The first example is a common benchmark problem for geometrically nonlinear analysis of beams 2, 25 . We calculate the static deflection of a cantilever beam that is subjected at its free end to a constant moment about the x 2 axis, M 2 ; a system schematic is shown in Figure 3 
which has units of C * ij (lb), C * i,j+3 (lb.in), and C * i+3,j+3 (lb.in 2 ) for i, j = 1, 2, 3; these units are adopted for consistency with those used in Ref. 33 in this paper and apply to all subsequent stiffness matrices. It is pointed out that the term with an asterisk denotes that it is resolved in the material basis and the sectional stiffness matrix C resolved in the inertial basis can be obtained by C = (R R 0 )C * (R R 0 ) T , where R and R 0 denote the rotation matrix and the corresponding initial rotation matrix, respectively. The load applied at the tip about the negative x 2 direction is given by
whereM 2 = π EI2 L ; and the parameter λ will vary between 0 and 2. In this case, the beam is discretized with two 5 th -order LSFEs. It is noted that the maximum relative rotation in a single element cannot be greater than π as described in Ref. 28 in the current parameterization of 3D rotations, which is why two elements are needed. The static deformations of the beam obtained from BeamDyn are shown in Figure 4 for six different tip moments. The calculated tip displacements are compared with the analytical solution in Table 1 , which can be found in Mayo et al. 31 as
where ρ = EI2 M2 . At this discretization level, BeamDyn results are virtually identical to those of the analytical solution. The rotation parameter p 2 and rotation angle φ 2 at each node along beam axis x 1 obtained from BeamDyn are plotted in Figure 5a for λ = 0.8 and λ = 2.0, respectively. A rescaling can be observed from this figure for the case λ = 2.0. It is noted that although the rotation parameters are not continuous between elements due to the rescaling operation, the relative rotations are continuous in a single element as described in the previous section, which can be observed in Figure 5b .
Finally, we conduct a convergence study of the BeamDyn LSFEs. The convergence rate is compared with conventional quadratic elements used in Dymore 32 , which is a well-known FE based multibody dynamics code for the comprehensive modeling of flexible multibody systems. For each test case, BeamDyn and Dymore have approximately the same number of Newton-Raphson iterations. Figure 6 shows the normalized error ε(u), where u is the calculated tip displacement (at x = L), as a function of the number of model nodes for the calculation with Dymore quadratic finite elements (QFE) and a single LSFE, where
and where u a is the analytical solution. The parameter λ is set to 1.0 for this case. The LSFEs (with p-refinement) exhibit highly desirable exponential convergence to machine-precision error, whereas the conventional quadratic elements are limited to algebraic convergence. Here, for a given model size, an LSFE model can be orders of magnitude more accurate than its QFE counterpart.
B. Example 2: Static analysis of a composite beam
The second example is to show the capability of BeamDyn for composite beams with elastic coupling. The cantilever beam used in this case is 10 inches long with a boxed cross-section made of composite materials that can be found in . LSFE model refinement was accomplished by increasing polynomial order and QFE model refinement was accomplished by increasing the number of elements.
Yu et al. 33 . Readers are referred to Figure 3 for a schematic of the cantilever beam. The stiffness matrix is given as 
A concentrated dead force P 3 = 150 lbs along the x 3 direction is applied at the free tip. In the BeamDyn analysis, the beam is meshed with two 5 th -order elements. The displacements and rotation parameters at each node along the beam axis are plotted in Figure 7 . It is noted that the coupling effects exist between twist and the two bending modes. The applied in-plane force leads to a fairly large twist angle due to the bend-twist coupling, which can be observed in Figure 7b .
The tip displacements and rotations are compared with those obtained by Dymore in Table 2 for verification, where the beam is meshed with 10 3 rd -order elements. Good agreement can be observed between BeamDyn and Dymore results. 
The beam is divided into two 5 th -order elements in the current calculation and a sinusoidal point dead force is applied at the free tip in the x 3 direction given as
where A F = 1.0 × 10 2 lbs and ω F = 10 rad/s (see Figure 8 ). The spectral radius ρ ∞ is set to 0.0 in the time integrator so that high frequency numerical dissipation can be achieved. The tip displacement and rotation histories of the beam are plotted in Figure 9 , where the time step was 0.005 s. Note that all of the components, including three displacements and three rotations, are non-zero due to the elastic-coupling effects. The time histories of the stress resultants at the root of the beam are given in Figure 10 .
Finally, we examine here the convergence rates of the LSFEs and conventional quadratic elements (in Dymore). Figure 11 shows normalized root-mean-square (RMS) error of the numerical solutions for the displacement u 1 at the free tip over the time interval 0 ≤ t ≤ 4. Normalized RMS error for n max numerical response values u n 1 , where u n 1 ≈ u 1 (t n ), was calculated as • For a fixed ∆t, both Dymore (QFEs) and BeamDyn (LSFEs) converge with spatial refinement to the same error level. BeamDyn is converged with only five nodes, whereas Dymore requires at least nine nodes.
• The converged error levels are due exclusively to time-discretization error. We note that the converged error for ∆t 2 = ∆t 1 /2 is one-fourth that for ∆t 1 , which is expected for our second-order-accurate time integrator.
V. Conclusion
This paper presents a displacement-based implementation of geometrically exact beam theory for threedimensional nonlinear elastic deformation. Legendre spectral finite elements are adopted for spatial discretization of the beam. Numerical examples were presented that demonstrate the capability of BeamDyn, a LSFE beam solver for wind turbine analysis developed at NREL. A benchmark static problem for nonlinear deformation of a beam was studied first. The agreement between the results calculated by BeamDyn and the analytical solution are excellent. Moreover, a convergence study was conducted, where the convergence rate of Legendre spectral elements were compared with conventional quadratic finite elements. Exponential convergence rates were observed as expected for this type of element. A composite cantilever beam was studied both statically and dynamically. The static results are verified against those obtained by Dymore. The elastic coupling effects were shown in these two cases. It concludes that BeamDyn is a powerful tool for composite beam analysis that can be used as a wind turbine blade module in the FAST modularization framework. Future work will involve more verification and validation of BeamDyn and coupling of BeamDyn to FAST, with completion expected in June 2014. 
